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1: begin Initialize a, criteriond, 7(0),k =0
do k< Fk+1

a<+a—nk)VJ(a)

until n(k)VJ(a) <6

return a
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end
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1: begin Initialize a, criteriond
do k< Fk+1

a<+a— H'VJ(a)

until H-'VJ(a) <0

return a
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end

51 15 o J (alk 1)) 8

_ v

k) = Gigvy

(r-v)

Y]

ELTURICTPRN o

co..\ATCM».,\g f}) 4.5;» ,Jz..u L;)L..: J§|J> Lg\j’ a(k‘ + \) ubr.’b\j V=Y dsles J&; oJ\i)L} L: “su-ijiil} u:’})&i

1o 5 V- 25 S0l s i o ) 550 02555
a(k+Y) =a(k) — H'VJ (¥-v)

L o ol O3S 288 0 5 oS00 51 jr alo 1o o 55 55 055801 S b 308 oo ot Y- (0,800 w0 oS
Lo | BB AL 35 4y peamis H oot oy 5o S1 55 02005800 Jlm 0l b 45 (oo 250 L (K g e
S S O(d7) S5 2 55 s 5o nsSins aaloen 5l 5l 3550 0l ASL 3,80 8 H oS 35 o cnl posdle
Magls pia))ﬁ\)b el 555 (o Dled 4 s ol e alre )5 S Ol |y g S Ll e (Solu

el 0 030l pl8 s donlons (5 nggﬂgﬁ)ﬁu\ e ol 5> achy

00



NMF 4 by o sla 0,801 ¥-¥

e P dels Y-y

: _) Y
Wg}’lgzof(WH)—;HA—WH IF (0-1)

alis 4 58 w6 3 8 slgily Yoo Jlw 53 Sl 5 J Jawess 48 Codls [TV (VAL o 0 pS0n o 213 0155 0 )
s (IS b il LT o 5 el 51 0LslS (sldisy s gy oo SIS @ rioge (5 4eS 035 1 )z
Jolse sls adlse 135 ol (sl sline p 3 S B s 4 el sl S malS sy S ol e b Sl

Wia < Wia = 0ia (Vw f(W, H))ia, Hy; < Hy; — pp; (Vg f(W, H) ), (#-v)
:pi)‘>>}‘;wi)>ﬁg5&4‘x-éj’f:“§¢i‘ Slp el 53 a8 e eslinal glal § S M s

Wia — Nia(WHHT )0 = o

o Wia
e = (WHHT),,

sskian s W 5l Slayisn sl o8 dsb ol &

Hyj — pu(WIWH)p; =

_
Wi = (WTwH),,

of



SWa s (0-1) ol 0ol S anloes b [YAT 558 o4 S a5 13 H o 5o Slays 2 610 o8 Jsb Olsie &

:ﬁ)b H
f=AT —H"WTYA-WH)=ATA - ATWH - H'WTA+ HTWTWH

Vg=-WIA-WTA+YWIWH=YW"WH —YyWTA=WTWH-WwTA
Vw =-—-AHT — AHT + YWHH" =YyWHH" —YAHT" = wWHH" — AHT
fol3 (F=1) alaily 55 K- b I

Wia

T T
—_ WHH, (WHH* — AH");,

Wia < W;

Wia(WHHT)ia - Wia(WHHT)ia + Wz’a(AHT)ia
(WHHT),,

Wia =

Hy;
Hyj = Hyj — WJHM(WTWH — WAy,

Hbj(WTWH)bj — Hbj(WTWH)bj + Hbj(WTA)bj
(WTWH),,

Hy; =
] o Sy sy adasly 5 Hyj s Wig Colgs o

(AHT);,
(WHHT),,

(WTA)y;

Wia < Wiq TN
(WTW H )y,

, Hyj < Hy; (v-1)
| rosies o £ 025 a8 Sl Sl 5 (Gl ol £18 b Sl o 0lolS 2 (e Sy oS
o S a A= WH (8548 Sl gy A S slgiin L(V-Y) 0 pKn el A= WH ||
Ll o Vi f(WH) = o 5 Vi fWH) = o068 o ol 50 dialgs S b ils 4515 ol
ariad l Jeol v el (I (VYD sl Cos || A = WH || Gusens o 45 A58 Colb Sl 5
b:\ww\wpbwjbgfjbjg.ijbb)ﬂﬁwlm\w«fwk@):wyu
P35 S Kol 5 I 025K il a4 S 8 ek Lyl e S5 50 ¢ (V1) el S 5l 45 00,8
LI Vi (W5 HY) = o oKl oph | SKon H* > o bl abii o H > o 35,00 S 5 ol Sl dais
oS b e |5 S oo Sdo 0 T (sl 4y (S ol SCae )5 o 53 oo 5o Jale 030 Cote o e

Lgh 055 ot (S S Hlw el 45D )3 5 Aiiad 3 gdoes Qé;&b\:L@iT)ale;lGﬁ)\s)lsjﬂ&u

oS 0T 98 Hio Hpj dole gl addge dayl S5 51 (S5 53 STl gl b ol 4 Shoos (Lo adlge o5 Sojle

ov



Update Multiplicative o= S F-Y (= 53

1: Initialize: W, >0, Hy; > 0,Vi,a,b, ]
2: For K=1,2,...

ey VHDDia
WiaJr - Wia (Wka(Hk)T)iauvzu a,
kit _ e (VED)TV), :
Hy™ = Hy ((Wk+1)TWk+1[jrk)bj’Vb7j'

3513 S oo b 6,85 pln 4 odels s pslne Vg f(WH H )y > 0 bty amg b L HY =«
Ak b Ol 03 dingy Lt Spgo pl 53 4SS o8 |y b e WL o, Vi f(WF, HY) # o
Sl ok Olu e IVl (s adS 558 ate (Ll S Jlude (gl ad g (bl o b Conl San a8 o L dal g5
G Selr sl Yseme o 68 2l Son s SOl 5 (J w55 ol 1S3 Yo b wCanl 1350 55 ps 0tels
Sl s J 025 S o 8Ll el 51 G Sz Srere = Vo T ile ite S8 e (g3de SIS
30 Oy HE > 0 s TWE > 0 (gla s Lo Il o5 555 oo (B yme Syl 40 3 05 4 52 5 512 [YA]
4 € e 53931 b Sl 5 J Sl iss @ ol 1SS iy b e 5o ol ol S 5 55 oo ads) a5 lde

Sl OJ\.ATY"Y’JJ UZJJ O.i‘ L}ALS("%))Q‘ J\JL;G CA...«»J;. Lk)MSCJ.>=A

u_gL.’LaQLuJA O.;;.Juz,) Y-y-v
L;}_’j)‘o.)\.ailw\W}))uwMﬁ)_})b‘d&m&wl&MNMFM)JQJBcUQAqubejL’
ol 055 or e e Jolys 31 e 13 455 Calb L bl 53 ok oo a5 4y et s (5l i sl

Al A3 b gline Slay o a8 s 03 o5l 4 w38l oz 40 Sl o 0 208 e G 51y 803 oo S

) »
r}rlnzn; | A—WH | p (A-Y)
SWest Lele b
\
min — || AT — HTW?T ||}, (8-Y)
W>. Y

OA



S LT3l o o Js 4 ol5 pob 4 2)Ken b b (6,130 6 5058 oo (e i3k (HT)H Wb Jule b
oo ookl s o 6l o 5L NLS (ab S anlsl 53 el e G A=Y AT (¢ i ) 55 Cnly Cow Jule
LYA] 555
BIRCge ‘p-"i)}i” ol o3 5,8 0l NMF 6l 1, ALS (s 4l ﬁw)ﬁ‘ Sy OLKer 55« YooV dle o
o e Jole 55 e (sla 4l ) Gal 352 5 &0 oy 5a0 53 5358 (o e b LS &) po 0 AT 5 AT (sls alies
N5 g bl 5 e e olse 05 0l B2 013 e ¢ s Ll B Aal La o 0 e U o Sl
i (b e 355 n sl a3l WP > e 5L I NNLS g (s3laesly sl S oo oS 55 16T
s LH o 5l e sla alys ol o H s 5o Jolo (sl dial Spsam g A=Y dlis all> S 50 10
3 5 0dds Jor W gy 5o Jole (52 Aol oy po 4 8= s s L5800 2 301 (03,5 0 o Jo) ko
Syt LS 5 b b ()13 B ekl ol 5 s o0 585 (035 2 S Jo) o A LW g Sl e gl
Sloslons 1 s o V.:U}_Ql ol 4 Sl ol byl JalS y5b o P (,;win 35 s ol JoS (il esly
P g )3 s oo Wi 1) 33 53 el (SLadB  30 dalys S O 5L Koo et Ll 35
@V;i,,ﬁ\ww,w .%:_;m;ww\W}}L@J;\jw\ﬁwuﬁtwgﬁwﬁwt (IS I s

LH W 8.8 0o 55 Coli b5 4 o 5L NLS aiss) (oo S 40 K05 gls 055801 (51 510l ol 5 0ol e

Jolowo

. ¢
1?33*; I Ay = WH; Iy, (Vo-1)
J

. T TyiyT ||Y
VLHHYZ | AL~ H'WS [}, -1

Xy sl pb o JodS uls p NLS ae m g1y 55 40 4=T 5 A=Y gladdins 55 55 cpl 31 sl dolre
eb L I¥VINNLS o2, oS 51 015 o0 5152 NLS o (6l 00 2 o8 SIS 0 X g 5le ol 35 0315 025 61 2
23,8 eslinal Jlad as games (35S
531 513, NLS lies Ul 25 01 s ol g o 3 it o 05 A3 e LS K0 5y
Sl sl 03, D5 o pllis gl o a8 ol La iz 163, 93 Shls (58 pdy Ol a5 aSl 8505 4
J;)‘JJ\JEJBJ&J:{‘\?L’JJALs‘jjj‘\sw‘&uﬂﬂ&m 4())605)}&ﬂ%4¢b0})))56@\&uﬂﬂ
objdbjgﬁwL’Jlauow.’u‘Lﬁﬂjsdww}vujdj‘60)}6LAWLJ.19LJ.ANLSW.J;‘£«}3 ‘Jwﬂ&é&w
@:;ﬁ;\iqfﬁslﬁc\s@\aﬁw\Q;)bjm&,;dwuwﬁ,ﬂblsﬂu gl oo allpgd

Wy gsb 4 5n Wl (A i 03 disd e bl Jlab b 5 Jad assacms 1 (65155 5k 0 L ite <0311

04



NNLS o 80 £-¥ o2, 81

. P=¢
22 R={1,2,...,M}
3 d=0
4 w=Z"(zr— Zd)
B. Main loop
5. Proceed if R # ¢ A [max,cr(w,) > tolerance]
6:  m = argmarpecg(wy,)
7:  Include the index m in P and remove it from R
8 s =[(zr)Tzr Y (ZP)TX

C. Inner loop
9:  Proceed min(s)? <0
10:  a=—mingepld,/(dn, — Sn)]
11: d:=d+a(s—d)
12:  Update R and P
13: sP=[(zP)T 2P (ZP)T X
14: sp=20

end C
15 d=s
16: w=Z"(x— Zd)

end B
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: Index the columns (RHS) of the solution matrix: M :={1,2,...,p}

Index the rows of the solution matrix: N :={1,2,..., L}

Precompute constant parts of the pseudoinverse, e.g., CTC and CT A

Compute miny, | CK — A || the unconstrained estimate for K

Initialize the set of passive sets: P = {p1ps...p,}, where P, = {z €
N :zK; >0}

6: Find the set of columns that is yet to be optimized: F = {j € M : p; # N}

7: Complete the overwriting solution: Vj € F,Vx ¢ p;,2K; =0
Main loop

8: if F =¢ ,gotostep 19, you have finished

9: Compute miny, || CKr — Ap | using algorithm CSSLS and P
Inner loop

10: Put indices of columns with negative variables intoset H : H = {j € F
min,e,, (1K; < 0)}

11: if H=¢, gotostep 15

12: Vi e H, selectthe variables to move out of the passive sets Py

13: Compute ming, || CKy — Ay || using algorithm CSSLS and Py

14: Go to step 10

15: Vi€ F, testsolution K; for optimality

16: Remove from F'  indices of columns whose solutions are optimal

17: Vi € F, select the variables tomove into the passive sets Pp

18: Go to step 8

19: End of computation

CSSLS 255831 £-Y 05551
1: Initialize: K =0

2: Index the columns of K : M ={1,2,...,p}

3: Find the set of k unique passive sets: U = {U U, ... U} = unique(P)

4: Index the columns of K with identical passive setsinto ¢ ¢; = {i € M : P, =
Uj}

50 Vje{l,2,... k},solve: minquEj | Cov,u, K, — Ae, ||

6: End computation
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iris (sla o313 g5, NMF s, V=T asls

load fisheriris

X=meas;

rng (1) ; % For reproducibility
n = size(meas,1);

m=1; 7% Sample size

qldxl = randsample(50,m); 7 Indices of query data
qIdx2= randsample (50,m);

qIdx2=qIdx2+50;

qIdx3 = randsample (50,m) ;

qIdx3=qIdx3+100;

qldx=[qIdx1 qIdx2 qIdx3]';

%4 qIdz = randsample(n,m);

tIdx = ~ismember(1l:n,qldx); 7 Indices of training data
A1 = meas(qldx,:);

A1=A1";

A2 = meas(tIdx,:);

Vo




c=3;

[true,err,Rc,Norml,Norm2] = NMF_Classification_fun(Al,A2,r,Step,R,c);

ORL LSL"‘ K S 4?}‘5‘ NMF u;)) ZY—T ML’J)

function [true,err,Rc,Norml,Norm2] = NMF_Classification_fun(A1,A2,r,

Step,R,c)

[m1,n1]=size (A1) ;

Wi=abs(rand(ml,r));

Hi=abs(rand(r,nl));

Maxitter=120;

eps=10"-9;

for i=1: Maxitter
D_w=(A1xH1') ./ ((W1*H1*H1')+eps);
Wi=max (0, (D_w.*W1));
D_h=(W1'%A1)./((W1'*xW1*H1)+eps);
Hi=max (0, (D_h.*H1));

end

[m2,n2]=size (A2);

% [W1,H1]=nnmf (A1,7);

[H2] = kfcnnls(W1l, A2);

Norml=norm(A1-W1*H1,2)/sqrt(nl*ml);

Norm2=norm (A2-W1*H2,2) /sqrt (n2+*m2) ;

k=1;

[1,b]l=size (H1);

for i=1:Step:b
Hm(:,k)=mean(H1(:,i:i+(Step-1)),2);

k=k+1;

\ %4




end

B = pdist2(H_m',H2');

[Min,Rc] =min(B);

idxT = 1:c;

idxT idxT (ones(R,1),:);
idxT = idxT(:);
err = sum(Rc ~= idxT')/ numel (idxT);

Rc=reshape(Rc, [R,c]);

true=1-err;

ORL (sla o313 (555 g3lgins NMF gy o¥-T ol

function [true,err,Rc,Norml,Norm2] = NMF_Classification_fun(A1,A2,r,

Step,R,c)

[ml,n1]=size(Al);

Wi=abs (rand (ml,r));

Hi=abs (rand(r,n1));

Maxitter=120;

% eps=0.9;

for i=1: Maxitter
eps=1-1/1i;
Q_H=(W1'*A1) ./ (W1l '*WixH1)+10~(-9);

Hi=max (0, (H1.*((1l-eps)*Q_H+eps*(Q_H)."2)));

Q_W=(A1*xH1') ./ (Wi*H1*H1')+10"(-9);
Wi=max (0, (W1.*x((1-eps)*Q_W+eps*(Q_W)."2)));

end

[m2,n2]=size (A2);

[H2] = kfcnnls(W1l, A2);

Norml=norm(A1-W1*H1,2)/sqrt(nil*ml);

\A%




Norm2=norm (A2-W1*H2,2) /sqrt (n2+*m2) ;

Va4

k=1;

[1,b]=size(H1);

for i=1:Step:b
Hm(:,k)=mean(H1(:,i:i+(Step-1)),2);
k=k+1;

end

B = pdist2(H_m',H2');

[Min,Rc] =min(B);

idxT = 1:c;

idxT idxT (ones (R,1),:);
idxT = 1dxT(:);
err = sum(Rc ~= idxT')/ numel (idxT) ;

Rc=reshape(Rc, [R,c]);

true=1-err;

ORL (sl» o313 (555 dod= NMF s, :¥-T asls

function [true,err,Rc,Norml,Norm2] = NMF_Classification_fun(A1,A2,r,

Step,R,c)

[m1,nl1]l=size (Al);
Wi=abs (rand(m1,r));
Hi=abs(rand(r,nl));
Maxitter=120;
4 eps=0.9;
for i=1: Maxitter
eps=1-1/(i*i);
Q_H=(W1'xA1) ./(W1'*W1*xH1)+10"(-9);

Hi=max (0, (H1.*x((1-eps)*Q_H+eps*(Q_H)."2)));

YA




Q_ W=(A1%H1')./(W1xH1*H1')+10"(-9);
Wi=max (0, (W1.*((1-eps)*Q_W+eps*x(Q_W)."2)));
end

[m2,n2]=size(A2);

[H2] = kfcnnls(W1l, A2);
Norml=norm(A1-W1*H1,2)/sqrt(nil*ml);

Norm2=norm (A2-W1*H2,2) /sqrt (n2+*m2) ;

k=1;

[1,bl=size(H1);

for i=1:Step:b
H_m(:,k)=mean(H1(:,i:i+(Step-1)),2);
k=k+1;

end

B = pdist2(H_m',H2','correlation');
# B = pdist2(H_m',H2"');

[Min,Rc] =min(B);

idxT = 1:c;

idxT = idxT(ones(R,1),:);

idxT = 1idxT(:);

err = sum(Rc ~= idxT')/ numel (idxT) ;

Rc=reshape(Rc, [R,c]);

true=1-err;

iris s osls (55, NMF 5, :0-T asbs

load fisheriris

X=meas;
rng (1) ; % For reproducibility
n = size(meas,1);

m=1;7 Sample size

qIdxl = randsample(50,m); % Indices of query data

vAa




qIdx2= randsample (50,m);
qIdx2=qIdx2+50;

qIdx3 = randsample (50,m) ;
qIldx3=9qIdx3+100;
qIldx=[qIdx1l qIdx2 qIdx3]';
% qIdz = randsample(n,m);
tIdx = ~ismember(l:n,qIdx); /7 Indices of training data
Al = meas(qldx,:);

Al=A1";

A2 = meas(tIdx,:);

A2=A2";

r=1;

Step=1;

R=50-m;

c=3;

[true,err,Rc,Norml,Norm2] = NMF_Classification_fun(Al,A2,r,Step,R,c);

ORL (sla o315 55, NMF s, 15T asl

load fisheriris

X=meas;

rng (1) ; % For reproducibility
n = size(meas,1);

m=1; 7% Sample size

qldxl = randsample(50,m); 7 Indices of query data
qIdx2= randsample (50,m);

qIdx2=qIdx2+50;

qIdx3 = randsample (50,m) ;

qIdx3=qIdx3+100;

qldx=[qIdx1 qIdx2 qIdx3]';

%4 qIdz = randsample(n,m);

tIdx = ~ismember(1:n,qldx); 7/ Indices of training data
A1 = meas(qldx,:);

A1=A1";

A2 = meas(tIdx,:);

Ao




c=3;

[true,err,Rc,Norml,Norm2] = NMF_Classification_fun(Al,A2,r,Step,R,c);

SVM s,

Iriris sbs o315 55, SVM g, V=T 4l

Y-7

load fisheriris

n = size(meas,1);

4 tIdz=[40,90,132,127,136,122,131,121];

m=4;

tIdx =randsample(n,m);/ Indices of query data
A r=2;

A m=3*r;

SN

tIdzl = randsample (50,7); % Indices of query data

X2

tIdz2= randsample (50,7);

SN

tIdz2=tIdz2+50;

X

tIdz3 = randsample (50,7);

SN

tIdz3=tIdxz3+100;

X

tIdz=[tIdzl tIdz2 tIdz3]';
qIdx = ~ismember(l:n,tIdx); /7 Indices of training data

Xnew = meas(qldx,:);

xdata = meas(tIdx,:);

group (1:50)=1;

group (50:100) =2;

group (101:150) =3;

AN




Mdl = fitcecoc(xdata,group(tIdx));

Ynew = predict(Mdl,Xnew);

yq=group (qIldx) ;

count=0;
for i=1:length(qldx)-m
if Ynew(i)==yq(i)'
count=count+1;
end
end

result=count/length(qIdx)*100;

ORL ss o313 (55, SVM 5, :A-T asls

load('olivettiFaces.mat');
X=faces'; clear faces;
Y = repmat((1:40),10,1); Y = Y(:);

[s d] = size(X);

h = 64; w = 64;

name = 'faces';

m = 10;

n = 40;

A = reshape(l:m*n,m,n);
numTrain = 1;

tIdx = A(l:numTrain,:);
tIdx = tIdx(:)';

xdata = X(tIdx,:);

qldx = setdiff(l:s,tIdx);
Xnew = X(qlIdx,:);

for i=1:40

group(i*10-9:1i%10)=1i;

AY




end

Mdl = fitcecoc(xdata,group(tIdx));

Ynew = predict(Mdl,Xnew);
yq=group (qIldx) ;
count=0;
for i=1:length(qldx)
if Ynew(i)==yq(i)'
count=count+1;
end
end

result=count/length(qIdx)*100;
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Abstract: The Nonnegative Matrix Factorization (NMF) is one of the most up-to-date topics in the
field of linear algebra, which is used to identify patterns, analyze data, and reduction dimension.
In this domain, the purpose of decomposing a matrix A including nonnegative data is obtained by
multiplying the base matrix U and the matrix of coefficients V7 with non-negative elements. In
general, the need for the analysis and extraction of the feature has led us to reduce dimension on
and compression. This action is desirable to reduce the cost of storing information.

In this dissertation, various approaches to NMF have been investigated. Using it in a vector space
model maintains many of the features of the original data and ensures that both the matrix of the
base and the matrix of the coefficients remain non-negative. Particularly in the case of people’s
images, the NMF collective model is used to represent the main features of the face, such as eyes,

cheeks and lips.




XN
K-
d,f,;.../(ﬁé‘f,

Hakim Sabzevari University
Faculty of Mathematics and Computer Science

A Thesis Submitted in Partial Fulfilment of the Requirement for the
Degree of Master of Science in Decision Science and Knowledge
Engineering

Non-negative matrixFactorization for
Data Clustering

Supervisor:

Dr. Mahmood AminToosi

Advisor:

Dr. Amin Rafiei

By:
Elham Sanchooli

August 2017



	فهرست جداول
	فهرست تصاویر
	چکیده
	پیش‌گفتار
	مفاهیم و تعاریف اولیه
	تجزیه نامنفی ماتریس
	برخی الگوریتم های مربوط به NMF 
	آزمایشات ونتایج
	فهرست منابع
	برنامه های MATLAB روش های مطرح شده در پایان نامه
	واژه‌نامه فارسی به انگلیسی
	واژه‌نامه انگلیسی به فارسی

