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Require: We are given the matrix A, the vector z, and the error threshold ¢, for approx-

imating the solution of (P0) : min ||s||, subjectto x = As

Ensure: The proposed solution is s* obtained after k iterations

10:

// Initialize

k=0,

The initial solution s° = 0,

0

. The initial residual 7° = 2 — As® = &

The initial solution support S° = Support{s’} =0

// Main Iteration

: Increment £ by 1 and perform the following steps:

//ISweep

. . 2 . . . .
Compute the errors £(j) = min_, ||a;z; — r*7!||; for all j using the optimal choice

_ 2
7 =ajr* ! |lall;

//Update Support

Find a minimizer,j, of e(j) : V1 < j < m, £(jo) < £(j), and update S* = S*~1 U
{Jo}-

//Update Provisional Solution

Set s = s"~', and update the entry s*(jo) = s*(jo) + 2}

//Update Residual

Compute 7% = x — AsF = rF~1

- Z;oaJO
//Stopping Rule

If HrkHQ < g9, stop. Otherwise, apply another iteration.
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Require: We are given the matrix A, the vector z, and the error threshold ¢, for approx-

imating the solution of (P0) : min ||s||, subjectto x = As

Ensure: The proposed solution is s* obtained after k iterations

10:

// Initialize

: k=0, and set

The initial solution s° = 0,

0

. The initial residual 7° = 2 — As® = &

The initial solution support S° = Support{s’} =0

//Main Iteration

: Increment £ by 1 and perform the following steps:

//ISweep

. . 2 . . . .
Compute the errors £(j) = min_, ||a;z; — r*7!||; for all j using the optimal choice

25 = a7 Jlaslls
//Update Support
Find a minimizer,jo ofz(j) : V5 ¢ S*1, €(jo) < (j), andupdate S* = S*1U{jo}.

//Update Provisional Solution

. Compute s*, the minimizer of ||z — As||5 subject to Support{s} = S*

//Update Residual:

. Compute 7¥ = x — As*

//Stopping Rule

If HrkH2 < g9, stop. Otherwise, apply another iteration.
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Require: We are given the matrix A, the vector x,the scaler K, and the error threshold ¢

for approximating the K-sparse solution of (P0) : min ||s||, subjectto x = As

Ensure: The proposed solution is s* obtained after k iterations

10:

11:

12:

// Initialize

: k=0, and set

The initial solution s° = 0,

0

. The initial residual 7° = 2 — As® = &

The initial solution support S° = Support{s’} =0

//Main Iteration

: Increment £ by 1 and perform the following steps:

//ISweep
Compute the projection vector z = ATrk=1

//1dentify Large Components

: Compute the best 2K support set of the projection vector Q2 = support{zax }

//Update Support

. Merge the strongest support sets , 7' = S* = SF~1UQ

//Estimate Of Solution

Perform a Least-Squares estimation of solution , b = ArTx ,and  bjre =0
//Update Provisional Solution

Compute s* = by

//Update Residual:

Compute 7¥ =  — As*

//Stopping Rule

If HrkH2 < g9, stop. Otherwise, apply another iteration.
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%

/4 define a continuous function \
function [xMP,P0Z] = MP(A,b,thrMP) Y
m = size(A,2); Y
r=b; ¥
xMP=zeros(m,1) ; )
P0Z = [1; b4
iter =1; \%
Jwhile r'*r>thrMP, A
while norm(r,1)>thrMP q
Z=abs (A'*r) ; Yo
posZ=find (Z==max(Z) ,1); W
xMP (posZ)=xMP (posZ)+A(:,posZ) '*r; \Y
VA [A(:,posZ) '"*r norm(A*zMP-b) ] \Y
r=r-A(:,posZ)*A(:,posZ) '*r; VY
POZ(iter) = posZ; V0
iter = iter+1; \#
end \\%
[sum (xMP>.001) ,norm(xMP,1)] A
[ g Sl oo o) S1 it uS 2Y-T sl
/4 define a continuous function \
function xf = normiMZ(A,b,thrMP) Y
/% Mehdi Zaferanieh Y
A min [|lxz/]1 s.t. [[/Az-b][/1<eps ¥
4 m=3; n=2; eps=1; Ainitial wvalues )
ZA=[1 2 3 ; 1 4 5]; b=[0;10]; Zinitial matriz and right hand side 4
values;
m = size(A,1); %
n = size(A,2); A
Bn=[eye(n),-eye(n)]; Zextreme directions for [lz//]1; q
Bm=[eye (m) ,-eye(m)]; Zextreme directions for [[Az-b//1; \o
Aegx=[eye(n) ,-Bn,zeros(n,2*m)]; #Aeq corresponding to equality $z=\\)
sum_+{i1=1}"n \lambda_i b_1i$;
beqgx=zeros(n,1); /beq corresponding to equaltiy $z=\sum_{i=1}"n \ \Y

lambda_1 b_1$;

\A%




Aeqc=[A,zeros (m, 2%

sum_{1=1}"m \lambda '_ib'_1i$;

beqc=b;

lambda '_ib'_1$;

Aeq=[Aeqx;Aeqc];
beq=[beqx;beqc];
cx=zeros (1,n);
cli=ones (1,2*n);
111;
clip=zeros(1,2*m);
-b/l1;
lb=zeros (n+2*m+2%*n
f=[cx,cli,clip];

n),-Bm]; #Aeq corresponding to equality $Az-b=\ YV
#sbeq corresponding to equality $Az-b=\sum_{1=1}"m \ ¥
#The main Aeq corresponding to all constraints; VO
% The main righ-hand-side values; \#

% The ceofficient of wariables z; \\%

% The ceofficient of extreme directions for [[aA

% The ceofficient of extreme directions for [/A4

,1) 5 /% The lower bound for all wariables; Yo
#The main cost ceofficient; A

Aing=[zeros(1,n) ,zeros(1,2*n) ,ones(1,2*m)];

AThe constraint [[AX-b/|XY

eps;

bing=[thrMP]; %The given threshhold YY
[x11lp,fval] = linprog(f,Ainqg,bing,Aeq,beq,1lb,[]); /A The initial Y¥
obtained solution
for i=1:mn YO
xf(i)=x11p(i); A4
end Yv
xf = xf'; YA
[sum(xf>.001) ,norm(xf,1)] Y4
/% define a continuous function \
function [xide,P0Z] = IDE(A,b,thrMP) Y
m = size(A,2); r
r=b; ¥
xide=zeros(m,1) ; )
P0OZ = [1; §
k = 0; \%
while norm((A*xide-b) ,1)>thrMP A
q
g = abs(A'x(b-Axxide)+xide); \o
POZ = (g>.6%27(-k)); N
xide (P0Z)= pinv(A(:,P0Z))*b; \Y
xide (~P0Z)= 0; \Y
k = k+1; V¥
end VO
\§
[sum(xide>.001) ,norm(xide,1)] \\%
MP,LPIDE s, aw dumolis 4l » o uS :¥-T aals
/% define a continuous function \
xMP=[];xMZ=[];xdcm=[];xide=[]; Y
n = 480; Y
m = 1200; ¥
A = randn(n,m); o)
Zb=[1;2]; 4
W = sum(A.*A).”~.5; \%
for k = 1:m A

YA




AC, k) = AC: k) /W(k); A

end \o
VA 1)
S = round(m/10) ; \Y
/% Generate a test signal of cardinality S Y
x = zeros(m,1); VY
pos = randperm(m) ; \0
x(pos(1:8)) = sign(randn(S,1)).*(1+rand(S,1));%b ra khodeman tolid \§
kardim
b = Axx; \\%
A
V4 14
thrMP =1e-3; Yo
AR
tic YY
for i=1:5 Yy
xMP = MP(A,b,thrMP); Y¥
end YO
mpTime = toc/5; Y§
tic YV
for i=1:5 YA
xMZ = normiMZ(A,b,thrMP); Y4
end Yo
bnTime = toc/5; Y
tic Yy
for i=1:5 v
xide = IDE(A,b,thrMP); ¥
end Yo
ideTime = toc/5; Y$
YV
YA
xdcm=xdcm'; Y4
s1=0;s2=0;s3=0; ¥o
sl=norm(xMP,1) ;s2=norm(xMZ,1) ;s3=norm(xdcm,1) ; \
4 for i=1:size(zMP,1) fY
4 sl=abs(zMP(i))+s1;/ norml of the solution by greedy ¥y
4 s2=abs(zMZ(i))+s2;% norml of the solution by block norm ¥¥
% s3=abs (zdcm(i))+s3;) mnorml of the solution by columngeneration A
% end A4
disp('Errors of different approaches:') Yv
disp (' MP BlockNorm IDE") A

disp([norm (A*xMP-b,1) norm(A*xMZ-b,1) norm(Axxide-b,1)]1)7 norm(A*xzdcm-¥H
,1)71)

Do
o
disp ("' MP runTime BN runTime IDE runTime')/ dcm runTime DY
disp([mpTime bnTime ideTimel) ;ZdcmTime]) oy
0¥
disp('Time: MP/MP BN/MP IDE/mp ') 00
disp([mpTime bnTime ideTime ]./mpTime) of
Anorm(zmp, 1) ov
OMP o> Jlie K sl ks (55 5 S w3550 Lo US 10T s
/% define a continuous function \

vAa




% MP with noise and bordare amood Y
v

n=30; m=200; ¥
A=randn(n,m) ; )
W=sum(A.*xA) .".5; 4
for k=1:1:m), \%
AC,K)=AC:, k) /W (k) ; A
end; q
A Yo
S =5; W
/% Generate a test signal of cardinality S VY
x=zeros(m,1); \Y
pos=randperm(m) ; \¥
x(pos(1:8))=sign(randn(S,1)).*(1+rand(S,1)); \0
noise = rand(n,1)/1000; \§
b=A*x ;/+ noise; v
thrOMP=1e-1; A
A 4
r=b; Yo
x0MP=zeros(m,1); Y\
ss = [1; Yy
iter = 0; Yy
while r'*r>thr0OMP, YY¥
Z=abs (A'*r); YO
posZ=find (Z==max (Z)) ; Y$
SS=sort ([SS,posZ(1)]1); Yv
x0MP (SS)=pinv(A(:,SS))*b; YA
r=b-A(:,S8S)*x0MP(SS); fb-Az_k Y4
iter = iter+1; Yo
end; R
iter Yy
sum (xOMP ~=0) Yy
norm (A*x0MP-b) Y'Y

COS&MPobfﬁ‘_gj\Jj{d}o.}uE{m&f}@&)ﬂ‘w.)S:?—T MUJ.g
% define a continuous function \
function [x,r,normR,residHist, errHist] = CoSaMP( A, b, k, errFcn, opts
)
4 © = CoSaMP( A, b, k ) Y
VA uses the Compressive Sampling Matched Pursuit (CoSaMP) algorithm ¥
VA (see Needell and Tropp's 2008 paper http://arziv.org/abs/0803.2392
)

VA to estimate the solution to the equation b4
VA b = Axz (or b = A*z + noise ) v
VA where there ts prior information that x= <s sparse. A
if nargin < 5, opts = []; end q
if ~isempty(opts) && ~isstruct(opts) \o
error ('"opts" must be a structure'); A}

end VY
Y

function out = setOpts( field, default ) \¥
if ~isfield( opts, field ) 0
opts.(field) = default; \#

end A%

Ao




out = opts.(field); \A

end \4
Yo

printEvery = setOpts( 'printEvery', 1000 ); Y\
maxiter = setOpts( 'maxiter', 1000 ); Yy
normTol = setOpts( 'nmormTol', 1e-10 ); Yy
cg_tol = setOpts( 'cg_tol', 1le-6 ); YY
cg_maxit = setOpts( 'cg_maxit', 20 ); YO
% Allow some synonyms Y$
cg_tol = setOpts( 'LSQR_tol', cg_tol ); Yv
cg_maxit = setOpts( 'LSQR_maxit', cg_maxit ); YA
HSS = setOpts( 'HSS', false ); Y4
TWO_SOLVES = setOpts( 'two_solves',6 false ); Yo
addk = round(setOpts( 'addK', 2x*k) ); Y\
support_tol = setOpts( 'support_tol', 1le-10 ); Yy
vy

¥

if nargin < 5 || isempty(printEvery) Yo
printEvery = round(k,maxiter); A4

end Yv
YA

if nargin < 4 Y4
errFcn = []; fo
elseif ~isempty(errFcn) && ~isa(errFcn, 'function_handle') A
error ('errFcn input must be a function handle (or leave the input ¥Y

empty) ') ;

end fy
4

if iscell(A) A
LARGESCALE = true; A4

Af = A{1}; fv

At = A{2}; % we don't really need this... fA
else ¥4
LARGESCALE = false; 0o

Af = 0(x) Axx; O\

At = @(x) A'xx; oy

end oy
oy

00

4 —-—- Intitialize -- o
4 start at ¢ = 0, so r = b - A*z = b ov
r = b; OA
Ar = At (1) ; 04
N = size(Ar,1); % mumber of atoms $o
M = gize(r,1); /% size of atoms £
if k > M/3 7Y
error ('K cannot be larger than the dimension of the atoms'); 7Y

end Y
ble = zeros(N,1); 70
ind_k = [1; 44
14

7 indz_set = zeros(k,1); J created on-the-fly ZA
1 AT = zeros(M,k); 74
residHist = zeros(k,1); Vo
errHist = zeros(k,1); v
vy

AN




fprintf ('Iter, IT|, Resid'); vy

if ~isempty(errFcn) \A
fprintf (', Error'); Vo

end \%4
if LARGESCALE \A%
fprintf (', LSQR iterations and norm(residual) '); YA

end va
fprintf('\n'); Ao
A\

if LARGESCALE AY
AY

VA if exist( 'lsqr_wrapper', 'file') A¥
VA LSQR_ALG = @lsqr_wrapper; AO
VA %4 This ts Stephen's wrapper (designed to imitate Matlab's A?
VA VA syntaxz ) to the wersion of LSQHR that you can get AV
VA # at http://www.stanford.edu/group/SOL/software/lsqr/matlabAA

BN =

NN

end

for

lsqr.m
% This wversion of LSHR is better than Matlab's implementattovd

elseif exist( 'lsqr', 'file' ) Qe
LSQR_ALG = @lsqr; 7 Matladb's version )\
else QY
disp ('You need to install LSHR! Download it from:'); qy

disp('http://www.stanford. edu/group/SOL/software/lsqr/matlathf
lsqr.m');

error('Need to have working copy of LSQR'); 40
end qf
v
4 Unfortunately, the Stanford group's version doesn't make it easifA
VA to provide a starting value, so we will stick with Matlab's 494
version.
Yoo
LSQR_ALG = Q(RHS,Afcn,x0) 1lsqr(Afcn,RHS,cg_tol,cg_maxit,[],[], 6\
)
VoY
VoY
Vo
o)
kk = 1l:maxiter \of]
VoV
4 —-- Step 1: find new index and atom to add oA
y_sort = sort( abs(Ar), 'descend'); Vo4
cutoff = y_sort(addK); 7 addK is typically 2%k \AD)
cutoff = max( cutoff, support_tol ); "W
ind_new = find( abs(Ar) >= cutoff ); WY
WY
WY
A —-— Merge: o
T = union( ind_new, ind_k ); W4
WY
W
4 -— Step 2: update residual V4
if HSS VYo
RHS =1r; J where r = b - A*z, so we'll need to add in "z"\Y\
later
X_warmstart = zeros (length(T) ,1); \YY

AY



else Y
RHS = b; \Y
X_warmstart = x(T); \Y

end VY

\Y
\Y

4 —-- solve for = on the suppor set "T" Y

if LARGESCALE VYo
/% Could do CG on the mnormal equations... Y
/4 Or, use LSQR: Y

z_T = LSQR_ALG(Afen,RHS,cg_tol,cg_mazit); Y
Y

/% use an initial guess to warm-start the solwver \Y
Afcn = @(x,mode) partialA( N, T, Af, At, x, mode ); Y
[x_T,flag,relres,CGiter] = LSQR_ALG(RHS,Afcn,x_warmstart); Y
Y

else Y

x_T = A(C:,T)\RHS; % more efficient; equivalent to pinv when \¥q
underdetermined.

z_T = pinv( A(:,T) )*RHS; VY

end VY

V¥

V¥

if HSS V¥

/% HSS wartation of CoSaMP \¥

X_new = zeros(N,1); VY

x_new(T) = x_T; VY

X = X + X_new; /4 this is the key extra step in HIS

cutoff = findCutoff( x, k ); V04

b'd = x.x( abs(x) >= cutoff ); VO

ind_k = find(x); \O

VO

if TWO_SOLVES 0

if LARGESCALE \0

Afcn = @(x,mode) partialA( N, ind_k, Af, At, x, mode N

[x_T2,flag,relres,CGiter] = LSQR_ALG(b,Afcn,x(ind_k)) ;0

4 mot using "r", just using "b"

else VO

x_T2 = A(:,ind_k)\b; \0

end \Fo

x( ind_k ) = x_T2; V£

end \§

\#

/% update T \#

r_old =r; \&

r = Db - Af(x); \F

else \F
/4 Standard CoSaMP \#
% Note: this is implemented *slightly* more efficiently \F
VA that the HSS wvariation \Ve

WY
/% Prune z to keep only "k" entries: A\
cutoff = findCutoff(x_T, k); Vv
Tk = find( abs(x_T) >= cutoff ); \\%
% This is assuming there are no ties. If there are, \\%
VA from a practical standpoint, %t probably doesn't A\

AY



VA matter much what you do. So out of laziness, we don't A%
worry about %t.

ind_k = T(Tk); \\%
X = 0x*xx; \\%
x( ind_k ) = x_T( Tk ); VA4
AN

A

if TWO_SOLVES A
if LARGESCALE A

Afcn = @(x,mode) partialA( N, ind_k, Af, At, x, mode NA
[x_T2,flag,relres,CGiter] = LSQR_ALG(b,Afcn,x(ind_k)) )A

else A

x_T2 = A(:,ind_k)\b; \A

end A

x( ind_k ) = x_T2; V44

end V4

\4

/% Update z and 7 4

r_old = r; V4

if LARGESCALE AR\

r =b - Af( x ); V4

else AR

4 don't do a full matriz-vector multiply, just use 4
necessary columns

r = b - A(:,ind _k)*x_T( Tk ); \4

end Yoo

end Yo

Yo

Yo

% -- Print some info -- Yo

PRINT = ( ~mod( kk, printEvery ) || kk == maxiter ); Yo

normR = norm(r); Yo

STOP = false; Yo

if normR < normTol || norm( r - r_old ) < normTol Yo

STOP = true; Yo

PRINT = true; Yo

end A\RR

Y

AR

if ~isempty(errFcn) Y

er = errFcn(x); Y\

errHist (kk) = er; Y\

end AR

if PRINT Y

fprintf ('%4d, %44, %.2e', kk, length(T), normR); Y\

if ~isempty(errFcn) YY

fprintf (', %.2e',er); YY

end Yy

if LARGESCALE Yy

fprintf (', %d, %.2e', CGiter,relres); Yy

end Yy

fprintf('\n'); Yy

end Yy

Yy

residHist (kk) = normR; Yy

Yy

AY



if STOP

disp('Reached stopping criteria');

break;
end

if kk < maxiter

Ar = At(r); % prepare for mezt round
end
end
end / -- end of main function
function tau = findCutoff( x, k )

4 finds the appropriate cutoff such that after hard-thresholding,

4 "z" will be k-sparse

ble = sort( abs(x), 'descend');

if k > length(x)
tau = x(end)*.999;
else
tau = x(k);
end
end

4 for LSQR, PCG, etc.

function z = partialA( N, T, Af, At, x, mode )
% Multiplies A_T(z) or A_T'(z) (the transpose)

VA where _T denotes restriction to the set

switch lower (mode)
case 'motransp'
% zero-pad:

y = zeros(N,1);
y(T) = X;
z = Af (y);

case 'transp'

y = At(x);
% truncate:
z = y(T);
end
end / -- end of subfuction
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