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Require: n sample data points z1, zo, ..., x,

Ensure: k means.

1: Make initial guesses for the means my, mo, ..., mg
Until there are no changes in any mean
Use the estimated means to classify the samples into clusters
fori=1to k do

Replace m; with the mean of all of the samples for cluster ¢

end for
end Until
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Require: a graph G = (V, E)
Ensure: graphs G; = (V4, E), Gy = (V3, E»)
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—_—
—_ O

12:
13:

14:

2 2 A Lok LD

compute the eigenvector s, corresponding to the second-smallest eigenvalue
search median of s,
fori =1to|V| do
if s5(i) < median then
put node 7 in partition V;
else
put node 7 in partition V5
end if
end for
if |Vi| — V2] > 1 then
move some vertices with components equal to median from V; to V5 to make this
difference at most one
end if
let V/ be the set of vertices in V; adjacent to some vertex in V5
let V; be the set of vertices in V5 adjacent to some vertex in V;
set up the edge separator F’ - the set of edges of G with one point in V] and the second
in VJ
let F/; be the set of edges with both end vertices in V;
let E; be the set of edges with both end vertices in V5
set up the graphs G; = (V4, E), Go = (Va, E»)
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[Y\] (ncrimental Sampling) Jle! 4l c2ul33) (6 S sad (.:i))fj\ f-Y r.gﬁf.ﬂ

Require: the similarity matrix W € R™*" of data point, the total number of samplin
q y p pling

rows m, the number of selected rows s in each iteration

Ensure: the set S, m indexes of sampled rows in W

—_—

Initialize the index set S = & of samples, set the number of iterations ¢t = m/s.
foric[1...t] do

P; <Update Probability(.5)

S; «—the set of sselected indexes according to P;

S+ SuUS;
end for

[¥Y\] (Update Probability) Jla>! slu,is, 0-Y ‘.:.Ujf.ﬂ

Require: Sample indexes set S

Ensure: The probability set P

1:
2:

A A R

From set R’ with the selected rows of W correspinding to the indeces in S.
Calculate the error between W and its orthogonal projection on R':
E=W —UrWUL,.
for j € [1...n] do

if j € S, then let P; = 0;

Otherwisr, let P; = || E}||3.
end for

P
1Pll2

Update the sampling probabilities of all rows P <




O ol st (58w g0 0 (e g e b (313 5501 £ r‘-ﬁ)ﬁﬁ‘

Require: the data set X = {z;|i = 1,...,n}, the number of samples m, the nimber of

clusters k.

Ensure: k grouped clusters.

1:

Calculate the pairwise similarity berween data points in X to construct similarity ma-

trix W € R™*", where each element w;; can be expressed by Gaussian kernel, namely
2 2

wij = exp (— |z — 2;]” /20?).

Select m row samples of W by Algorithm 4-2 to compose the similarity matrix A €

R™*™ between sampled points and the remaining points, and the similarity matrix

B € R™*(»=m) petween the sampled points and the remaining points.

: Compute the degree d of nodes according to formula (50-2) based on matrix A and

B, then normalize matrix A and B respectively wigh formula (51-2) and (52-2).
Calculate matrix ) wigth the normalize A and B: Q = A + A~'/2BBT A~1/2,

: Get matrix Ug and A by decomposing matrix Q: Q = UgAqUy.

Substitute Ug, Ag into fotmula (49-2) to calculate the orthogonal eigenvector V' of
w.

Select the eigenvectors corresponding to the first k& largest eigenvalues vy, . .., v of
W from V to form matrix Vi: Vj = [v1:. .. o] € RW¥F,

: Normalize each row of matrix V), to a unit vector and obtain matrix Y with each

j—
element y;; = v;;/ Zj:l "%2;

Matrix Y forms a low-dimentional embedding space R™**, in wich the i-th row is
corresponding to point z;, We may use k-means algorithm to classify the row vectors
of Y into k clusters, then restore the clustering results data then restore the clustering
results of the original data points.

O
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function [f_value, x] = Spectral_Conjugate(L, jaygasht)

4L is laplacian matriz
AT_k is estimation of eigenvector corresponding to second-
smallest etgenvalue

format long;
K = size(L,1);

e = ones(1,K);
x = zeros(K,1);
for i=1:K

x(i)=1i-(K+1)/2;
end

switch nargin
case 2
x=x(jaygasht) ;
case 1
x=x (randperm (X)) ;
end

x_k = x-((exx/(exe'))*xe)';
rho_k = x_k'*x_k;

y_k Lxx_k;

F k x_k'*y_k/rho_k;

70




Yo
&g
2%
YA
¥4
Yo
¥\
Yy
*r
v¥
¥o
s
YV
YA
¥4
¥fo
3
Y

r
A

¥0
¥5
v
\
¥4
[\
o)
oY
oY
of
00
08
oV
OA

o 6 t < _

L > < Y

g_k = 2/rho_k*(F_k*x_k-y_k);
h k = g_k;
beta_k = g_k'*xg_k;
for k=1:K
F = F_k;
x = x_k;
rho = rho_k;
g = g_k;
beta = beta_k;
h = h_k;
y_k = Lxh;
p_k = rho; q_k = 2xx'xh; r_k = h'*h;
s_k = rhoxF; t_k = 2*x'*xy_k; u_k = h'xy_k;
alpha_k = (-(u_k*p_k-s_k*xr_k)+...
sqrt ((u_k*p_k-s_kx*r_k) "2-(u_k*q_k-t_kxr_k)*(t_k*
p_k-s_k*q_k))...
)/ (u_k*q_k-t_k*r_k);
F_k = (s_k+t_k*alpha_k+u_kx*alpha_k~2)/(p_k+q_k*alpha_k+r_kx*
alpha_k~2);
x_k = x+alpha_k*h;
if norm(g)<10™-6
sprintf ('iteration %d4d',k);
break
end
rho_k = x_k'*x_k;
g_k = 2/rho_k*x(F_k*x_k-F*x+.5*xrhoxg-alpha_k*y_k);
beta_k = g_k'*xg_k;
h_k = g_k+(beta_k/beta)*h;
end
x = x_k./norm(x_k);
f_value = x'x*Lx*x;
B 90 & Shuadg IS 1Y -0 aeli
function labels = Nystrom_Clustering(data, k, nsamp, m)
% k is number of clusters
4 m 15 sampling periods for incremental_sampling
/% pdist(a,b) calculate Euclidean distance between vectors a and

b
n = 25;
t = 0;
niter = 5;
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N = size(data,l1);

switch nargin

case 4
W = pdist(data,data);
W = exp(-W."2/2);7 similarity matriz of data
points
ind_rest = 1:N;
ind_samp = incremental_sampling(W,nsamp,m);
ind_rest (ind_samp) = [];
ind = randperm(N-nsamp) ;
ind_rest = ind_rest(ind);
ind_all = [ind_samp ind_rest];
A = W(ind_samp,ind_samp) ;
B = W(ind_samp,ind_rest);
case 3
ind_all = randperm(N);
ind_samp = ind_all(l:nsamp);
ind_rest = ind_all (nsamp+1:end);
A = pdist(data(ind_samp,:),data(ind_samp,:));
B = pdist(data(ind_samp,:),data(ind_rest,:));
A = exp(-A.72/2) ;7 similarity matriz of the
sample points
B = exp(-B."2/2);7 similarity matriz of the
sample points and the remaining points
otherwise

error ('The number of entries must be at least 3
and at most 4');
end

/4 the joys of mystrom

[V,~] = nystrom_ncut(A,B);

/i depermute the nsytrom result

V(ind_all,:) = V;

Vi = V(:,1:k); % choose the k eigenvectors

Vnormalized = V1./repmat(sqrt(sum(V1."2,2)),1,k);

/4 clustering k-th eigenvector to k clusters wvia k-means
[~,labels,~] = kmwrapper (Vnormalized',k,n,t,niter);
labels=1labels';

035 33 4 S5 e Sle o5 Gl p aralons IS Y- sl

function [V,ss]=nystrom_ncut (A,B);
Nsamples = size(A,1);

Nothers = size(B,2);

Npix = Nsamples + Nothers;

/# compute total connection weight
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disp('computing total connection weight...');
dl = sum([A;B'],1);

d2 sum(B,1) + sum(B',1)*pinv(A)=*B;

d = [dl d2]';

disp('done.")

/ mormalize

disp('normalizing...');

v = sqrt(1./d);

A = A.x(v(l:Nsamples)*v(1l:Nsamples)');

B = B.*(v(1:Nsamples)*v(Nsamples+(1:Nothers)) ');

disp('done."')

% find etgenvectors wvia PCA/nystrom trick
disp('computing eigenvectors...')

[U,S, junk]=svd(A);

Asi=Uxpinv (sqrt(S))*U"';

Q=A+Asi*B*xB'x*xAsi;

[U,L, junk]l=svd(Q);
Va=[A;B']*Asi*Uxpinv(sqrt(L));

for i = 1:Nsamples-1

V(:,1i) = Va(:,i+1)./Va(:,1);
end;
disp('done."')

ss=1-diag(L); 7/ convert to (D-W)z=lambda Dz form
ss(1)=[]; % drop first eigenvalue (which is 1)

ool il (680505 A4S ¥ asl

function S = incremental_sampling(W, m, s)

n = length(W);
p = zeros(1l,n);
t =m/ s;

for i=1:length(p)
p(i) = norm(W(i))~2;

end
p =p / norm(W,'fro') ~2;
[~, sam] = sort(p,'descend');

S(1:s) = sam(1:s8);

for i=2:t
P = update_probability (W, S);
[~, sam] = sort(P,'descend');
S(((i-1)*s)+1:i*s) = sam(1l:8);
end
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function P = update_probability (W, S)

length (W) ;
zeros(n,1);

perim(S,:) = W(S,:);

n
P

R_perim = zeros(size(W,1),size(W,2));
R_

R

perim(:,S) = W(:,8);

[U,~,~] = svd(R_perim);

E:
for

end
P =

Ux W *x U';
i=1:n
if ~ismember(i,S)
P(i) = norm(E(i))"2;
end

P / norm(P);
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